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Introduction

In order to properly study cosmology, a set of mathematical tools are required for
describing the universe. Without these, one cannot evaluate the mathematical aspect of
spacetime. There would be immense amounts of hand-waving and jumping to conclusions, as
well as blind trust in the author and conceptual intuition. This is not physics. So, in order to be
able to rigorously study and understand the universe, one must begin with the “basics.” In this
case, basic meaning fundamental rather than simple. Here, a solid foundation is built from which
more complex observations can be derived. The foundation in this case is the mathematical

framework of general relativity.
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Assumptions

A part of building the foundation is first evaluating the base case. Here, that means that it

will be assumed that:

1. The universe is smooth, meaning no densities vary as a function of space.

2. The universe is in equilibrium.

Again, these things are not universally true, but the case explored here is one in which they
are, as this is the simplest version of reality. Additionally, the convention that will be followed is
this:

h=c=kz=1

The Metric

Distance is a surprisingly complex concept. It seems pretty simple and explainable, but it
turns out that it is not, especially when considering an expanding universe. Distance is usually
thought of in terms of a coordinate system, but no single, basic coordinate system can account
for the curvature of spacetime or the expansion of the universe. This is where the metric comes
into play. The metric takes coordinate distance and turns it into physical distance, such that it no
longer relies on the coordinate system of the measurement. This physical distance is invariant; it
does not change based on coordinate transformations of different observers. Starting with the

simplest case, the square of the invariant distance in two-dimensional space is as follows:

di? = )" gydxidy)

ij=1,2

The metric here is gij, a 2x2 matrix. It is different depending on the coordinate being

used. Here are the matrices for two common coordinate systems within this case:

Cartesian Polar

[(1) (1)] [ (1) 1”02
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A helpful aspect of the metric is that it accounts for the effects of gravity on spacetime.
Rather than considering gravity as an external force that affects matter, the metric allows for

gravity to be built into the geometry of space.

Spacetime, however, is not two-dimensional but rather four-dimensional. Along with
convention, the zeroth dimension is time, and the first, second, and third are the three spatial

dimensions. In this case, the square of the invariant distance is as follows:

3
ds? = Z Guvdxtdx?
JTRY,

In which g, is a 4x4, symmetrical matrix. In Minkowski spacetime, the Minkowski

metric is used. Thus, g,, = 1, and:

~1000
o100
Muv 0010
0001

To adapt this for the expanding, flat universe, the Friedmann-Robertson-Walker, or
FRW, metric is used. This takes the Minkowski metric and multiplies the spatial components by

a scale factor of a%(t), resulting in:

-1 0 0 0
| o0a®o o
Iw=1 0 0 a2@®) 0

0 0 0 a?(v)

The Geodesic Equation

In cartesian coordinates, the shortest distance from one point to another is a straight line
between the two points. In more complicated geometries, this rule often fails to find the shortest
possible path. The equation used to find this path is the geodesic, which is the path a particle
follows in the absence of any external forces. To satisfy this, the acceleration of a particle needs

to be set to zero.
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In order to generalize this, the base case is once again a freely moving particle in two-
dimensional Euclidian space, which yields:

d?xt

dt? =0

Applying a known coordinate system once again, how can this be generalized to polar
coordinates? The basis vectors for polar coordinates are # and 8. These vectors vary over space,
whereas the basis vectors for cartesian coordinates do not. Setting x*'=(r, 0), the above condition
does not imply the following condition:

dlei

dt?

Instead, the cartesian condition needs to be transformed. This is done using the

transformation matrix as follows:

oxt _|cos (x'®) —x""sin (x'%)
0x'J [sin (x'*)  x"‘cos (x'%)
dxt 3 dxt dx'J
dt — 9x'J dt
Thus transforming the velocity of the particle from cartesian coordinates to polar
coordinates. The geodesic equation then becomes the following:
d [dx'] d[ox'dx7]
dt|dt| dt|ox'7 dt |
Note that the time derivatives cannot simply cancel out, as the transformation being used
is not linear. The following equality emerges from the above equations:

d[oxt] 9 [dx'] 0% dx'*
dt|ax’]  ax’|dt| axox’™ dt

And thus, the following geodesic equation arises:

dlaxi dx’jl oxt d?x'V 9% dx"‘dx'f_o

dt|ox7 dt |~ ox' dt? +ax’jax’k dt dt
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The transformation is being used on the first term of the middle portion of the equality.
Thus, this equality can be multiplied by the inverse of the transformation matrix to get a more

palatable form.

d?x't N {ax}_l Yookt Jdx* dx! — o
dt? ox' ; ax’jax’k dt dt
From this equation, the Christoffel symbol I},ﬂ can be defined as the term in the square

brackets. This symbol becomes useful in many calculations withing general relativity.

To generalize the derived geodesic equation to general relativity, the range of the indices
changes from 1 and 2 to 0 to 3. Also, time can no longer be used as the standard evolution
parameter, since it is now one of the coordinates. Thus, the parameter A is introduced. This
parameter increases along a particles path. Using this and the Christoffel symbol, the geodesic

equation becomes the following:

d?x* p dx© dxP

az - las g ar

Here, the Christoffel symbol was found through generalization of the geodesic over
transformation of coordinates. However, it is generally simpler to use the following relation to
find the Christoffel symbol.

1.,;1 — gyv agav + agﬁv _ agaﬁ
ap 2 | 0xP 0x¢* dxV
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Einstein Equations

The Einstein equation for general relativity is as follows:
. 1
GHV = R;n/ — Eg#v"R = 871'GT[W

There are many new terms in this equation, so here is a list of what they all are:

e G, Einstein Tensor
e R, Ricci Tensor
e R: Ricci Scalar; contraction of the Ricci tensor, such that R = g*'R,,,

e G: Newton’s Constant

e T, : Energy-Momentum Tensor
The Einstein equations relate a function of the metric to a function of energy.

The Ricci Tensor can be defined as follows:

R,, =1}

uv, Fav"'[barﬁ_rﬁvfﬁ

uv

In which the notation of ,i in the subscript denotes a partial derivative over x'. Due to the
nature of the Christoffel symbol, the Ricci Tensor only does not vanish for two cases: p=v=0 and

u=v=i, with i being a spatial coordinate and 0 being the time coordinate.

. .2 . . .2 .
Roo = ~To — i1 =~ (%) - (2 8y, = -3 a_a ~3(Y) = sl
Lo J0Toi ot \a a) YUY a a? a a

These can then be used to compute the Ricci Scalar.

1 i a® 87‘[G
Rz_R00+;Rii=6_ __6[
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