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Abstract

The Dirac equation describes spin-1/2 particles with a consideration
for the effects of special relativity. In this paper, we explore two major
emergent results of the Dirac equation. First, we see how the notions of
helicity and chirality arise from the Dirac equation, and exactly corre-
spond to one another in the massless limit. Second, we verify that the
Dirac equation is consistent with the Schrédinger equation in the non-
relativistic limit, both for a free particle and for a charged particle in an
external magnetic field.

1 Introduction

The Dirac equation, named after Paul Dirac, represented an attempt to incor-
porate the effects of special relativity into quantum mechanics, and was intro-
duced in 1928 [2]. The result was a wave equation describing the relativistic
behavior of spin-1/2 particles, such as electrons and neutrinos. A major de-
parture from previous quantum theories, Dirac’s equation describes particles
with 4-component spinors or bispinors, rather than scalar wavefunctions. Fur-
thermore, the Dirac equation predicted the existence of antimatter many years
before it was experimentally observed.

In this paper, we provide descriptions of two results of the Dirac equation.
In the first section, we explore the topics of chirality and helicity. Chirality
is an inherent property of particles, whereas helicity of a particle depends on
the particle’s momentum. However, in the massless limit, the Dirac equation
shows that a particle of positive helicity has positive chirality, and vice versa.
In the second section, we take the non-relativistic limit of the Dirac equation
and show that it reduces to the Schrodinger equation, which describes particles
in the non-relativistic regime.

2 Helicity and chirality

In this section, we define helicity and chirality of particles described by the
Dirac equation. In addition, we use the Dirac equation to show how massless



particles of a given chiral handedness express helicity of the same handedness.

2.1 The helicity operator

The Dirac Hamiltonian
H=a p+pm (1)

does not necessarily commute with orbital angular momentum or spin angular
momentum, but with total angular momentum. When the particle is at rest,
however, p = 0, and so

The Dirac Hamiltonian does commute with p. Furthermore, since p com-
mutes with S, S - p also commutes with H. Normalizing over p, we define the

helicity operator as
S'p
= (3)
p|

which is necessarily a constant of motion. Physically, the helicity operator can
be thought of as a projection operator of spin along the direction of motion.
Note that
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This implies that the eigenvalues of h are £1/2.

2.2 The Dirac equation in the massless limit

We will begin our analysis in this section with massive particles and ultimately
look at the massless limit. The free Dirac equation gives

(Y¥pu — m)u(p) =0, (5)

where u is a 4-component spinor. Write

)= (110}, (6)

uz(p)

Then the Dirac equation can be expanded to yield

(0 i) (i) = @

which, explicitly, gives

0 _
P uir — o - pu2 = mus,

pOUQ — O - PU; = —Muy.



Taking the sum and the difference of these equations, we get
(p° — o - p) (w1 + uz) = m(u; — us),
(p° + 0 - p)(ur —uz) = m(ur + ug).
By defining

1
w = 5 (w1 — ), )
1
Uy = i(ul + ’UQ), (9)
our equations can be rewritten as

(P — o - p)u, = mu,
(p° + o - p)uy = mu,.
These equations are coupled via the mass term. By letting mass go to zero, we
have the uncoupled equations
pour = 0 * PUy, (10&)
pPu; = —o - puy. (10b)
Since mass is a Lorentz scalar, these equations are Lorentz covariant. However,
they are not invariant under parity or space reflections. Equations (10) are

known as the Weyl equations [3].
Multiplying both sides of (10) by p° = o - p, we find

2
(") ur = (o p)(o - P)ur = P?uy,
2
(r°)" w = p*u.
For a nontrivial solution, we require

(1°)* —p> =0, (11)

which we recognize as Einstein’s equation for massless particles. It implies that
p’ = £|p|. For p’ = +|p|, which corresponds to positive energy solutions, we
have

Ip|

p|

Since o /2 is the spin operator for 2-component spinors, (12) imply that w,., u;
are eigenvectors of the helicity operator h with eigenvalues +1/2 and —1/2, re-
spectively. We call the particle described by w, right-handed, and likewise we
call the particle described by u; left-handed. As examples, it has been experi-
mentally determined that electron neutrinos are left-handed particles, whereas
electron antineutrinos are right-handed.

o DU = Uy, (12a)

o - pu; = —u. (12b)



2.3 On chirality
The normalized solutions to the massless Dirac equation

pu(p) = 0 = pv(p) (13)

u(p) = % (éau pa) = \/'E' <| aﬂ. pa) : (14a)
v(p) = \/g (éaﬁ' pﬁ) = \/g (Ip"ﬁ' pf’) : (14b)

where u denotes the positive energy solutions and v denotes the negative energy
solutions. Evidently, if u is a solution to (13), so is y5u, where we define

are given by

— E‘,_-

V5 = 190717273 (15)
Since 72 = I, the eigenvalues of 5 are 1. We say that eigenvectors of v5 with
eigenvalue +1 have right-handed or positive chirality. Likewise, we say that
eigenvectors with eigenvalue —1 have left-handed or negative chirality.
For a general spinor u, we can recover the right-handed and left-handed
chiral components by using the chiral projection operators

T+
Pr = 4_27 , (16a)
I—
P, = 275. (16b)
These projection operators have the following properties:
P% = Pp, P} =Py,

PrPr, =P ,Pr=0, Pr+ P, =1

Together, these properties imply that any 4-component spinor can be uniquely
decomposed into right-handed and left-handed components.

The right-handed and left-handed chiral components of the normalized so-
lutions (14) can be explicitly written as
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urp = Pru = M 2 Pl , (17a)
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Note that 2-component spinors of the form

xF) = 1 <]Ii a'p) X
2 p

have definite helicity, so that

hx&):"'pl(Hi”'p)i
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This means that 4-component spinors with positive chirality are defined by
2-component spinors with positive helicity, and similarly, 4-component spinors
with negative chirality are defined by 2-component spinors with negative helicity.
Hence we can write

uR = % (Z:;) , (18a)
w20, (18)
vg = % (ZE:) , (18¢)
oL = % (v?())> . (18d)

Recall the notation

and define
- . P
Pp=(1,-p)= <]—7) .

Now define the helical projection operators
P = Z51p,,, (19a)
P = —olp,. (19b)
These projection operators have the following properties:

(P®)? = &), P 4 P =1,
PH p) = p=)p+) — .



Hence any 2-component spinor can be uniquely decomposed into components
of these operators, which project into spaces of positive and negative helicity.
This notion can be generalized to 4-component spinors by defining the following
helical projection operator:

n pE) 0
Py = ( 0 p&® ) (20)

It is trivial to check that

[Pr.1, Pix)] =0,
which implies that spinors can be simultaneous eigenstates of chirality and he-
licity in the massless limit.

We have seen that, in the massless limit, particles of positive chirality have
positive helicity, and likewise, particles of negative chirality have negative helic-
ity. But this is only true for massless particles. Chirality can be thought of as
an inherent trait of particles, whereas helicity depends on the momentum of a
particle. For massive particles, it is possible to Lorentz boost to different frames
of reference to change helicity. But this is not true for massless particles; hence
chirality corresponds exactly to helicity for massless particles.

2.4 Properties of eigenstates of the helicity projections

In this section, we will derive properties of right-handed spinors and state the
analogous properties of left-handed spinors, since their derivation is nearly iden-
tical.

Write positive and negative energy solutions to the massless Dirac equation
with right-handed chirality as

1
ul®) = §(H+0' P,

1
o) = 5(]1 + o -P)o.

) -0)

Then the positive and negative energy solutions can be written explicitly as

W (p) = 1 (|P| +P3>
2[p|(|p[ + ps) \P1 + P2

o (p) = 1 P1—ip2)
) = o= ) (|p| —m)

It is simple to check that these spinors satisfy
uHiy(H) = Dty = 1

u(+)T(p)U(+)(—p) — U(+)T(—p)u(+)(p) =0,

1
WD = oot = Z(1 4 g p).

Choose



The 4-component spinors defined by (18) further satisfy

upur = vhor = |pl; (21a)

ul(P)vr(—p) = v (—p)ur(p) =0, (21b)
lp| /[P Pt

uRU,TR = UR’U;r2 = 7 P("") P(+) . (21C)

Note that, with py = |p|, we can write

Hence (21c) can be rewritten as

1
upul, = vpol, = ZW(H +95)- (22)

The analogous relation for left-handed spinors, which we will not derive here, is
given by

1
uLuTL = ULUTL = Zy)’yo(ﬂ —s5)- (23)

3 Reduction to the Schrodinger equation

In this section, we consider the free Dirac equation and the Dirac equation for
a charged particle in an external magnetic field and show that they reduce to
Schrédinger equations describing the same physical systems.

3.1 Free particles

Recall that positive and negative energy solutions to the massive Dirac equation

have the form
5 -
u =1/ +m(,,.1; N)E(UL), (24a)
2m E+mu us
E -y
v JEXm ( Efmv) _ (vs> . (24b)
2m v UL,

Note that
o’ . p
25
US=E + m L (252)
o-p
_ . 25b
vs FE + mUL ( )



In the non-relativistic limit, |p| < m, and so ug < ur, and vs < v,. Hence
the subscript S refers to the small component and the subscript L refers to the
large component.

The positive energy solutions satisfy

( ml o- p) <uL> g <uL> ’ (26)
o-p ml us us
which can be expanded to yield

o -pus = (F —m)uy, (27a)
o -pur, = (E + m)us. (27b)
By substituting (25a) into (27a), we find that

o-p
E+m

(o p) ug, = (E — m)ur,. (28)

But since |p| < m, E ~ m, and so we have
p?
%UL = (E —m)ur, = Exrur, (29)

where we use the fact that Fxg = E — m is the non-relativistic energy of the
particle. Note that (29) is the time-independent Schrédinger equation for a
free particle. We require the Dirac equation, a relativistic theory, to reduce to
a non-relativistic theory in the non-relativistic theory, and so this result is as
expected.

3.2 Charged particles in an external magnetic field

We shall couple a charged particle to a field through a minimal coupling. Take

Pu — Pu — eAu7

where e is the charge and A is the 4-potential. Since the coordinate representa-
tion of the momentum is p, = id,,, we have

Ou — 0y +ieA,.
The positive energy Dirac equation under this transformation is therefore
(- (p—eA)+ pm)u = Eu,

which can be expanded to yield

(o oen) M) () -2 (1) (30)



This equation results in two equations given by

o-(p—eAus =(F—m)ur, (31a)
o-(p—eAur = (E+ m)us. (31b)
From (31b), we have
o (p—eA) o-(p—eA)
= ~ 2
us Foprmamtl? S UL (32)
in the non-relativistic limit. Substituting (32) into (31a) yields
o-(p—eA
[0 (p—eA)] %UL ~ (E —m)ur. (33)

Let us compute the products that appear in (33) to reduce notation. Note
that

[0 (p—eA)* = (p—eA)’ +io-[(p— cA) x (p — cA)]
=(p—eA)? —iea-(px A+ A xp).
Furthermore, we calculate
(P X A+ AxDp)i =e€in(pjAc + Ajpr)
= €ijk(pj Ar — Akpj)

= €ijk[pj, Ax]
= —i€ik [V, Ax]
= —Z(V X A)z
= _ZBZ,
where B is the magnetic field. Hence (33) can be rewritten as
1
om [(p — eA)2 —eo - B} uy, = ENRUL. (34)

We recognize this as the Schrédinger equation for interaction with a magnetic
dipole. The magnetic dipole moment operator is

e e
n= %a—g%s, (35)

where g = 2 since S = 0/2.

Since this is a minimal coupling, we ignore higher-order effects. These are
considered further in quantum electrodynamics. These effects tend to slightly
change the g-factor for elecrons. Other particles that are not pointlike, such
as protons, can have wildly differing g-factors, resulting in anomalous magnetic
dipole moments. These moments can be accomodated through a non-minimal
coupling with an interaction Hamiltonian

er

HI = %UNVFNV,
where F),, = 0,4, — 0,A, is the electromagnetic field tensor and « is the

anomalous magnetic dipole moment. This is known as the Pauli interaction.



Notes

This paper represents a reproduction of my lecture notes on the properties of
the Dirac equation, which are derived from Section 3 of Das’ book on quantum
field theory [1]. T have cut down much of the material and added some useful
references to get a better picture of the utility and historical context of the
content. Consider the text of this paper to be a script and the equations to be
things that should be drawn on the chalkboard during the lecture.
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